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Greed Works: An Improved Analysis of Sampling Kaczmarz-Motzkin*

Jamie Haddock® and Anna Mat

Abstract. Stochastic iterative algorithms have gained recent interest in machine learning and signal processing
for solving large-scale systems of equations, Ax = b. One such example is the Randomized Kaczmarz
(RK) algorithm, which acts only on single rows of the matrix A at a time. While RK randomly selects
a row of A to work with, Motzkin’s Method (MM) employs a greedy row selection. Connections
between the two algorithms resulted in the Sampling Kaczmarz-Motzkin (SKM) algorithm which
samples a random subset of 8 rows of A and then greedily selects the best row of the subset.
Despite their variable computational costs, all three algorithms have been proven to have the same
theoretical upper bound on the convergence rate. In this work, an improved analysis of the range of
random (RK) to greedy (MM) methods is presented. This analysis improves upon previous known
convergence bounds for SKM, capturing the benefit of partially greedy selection schemes. This work
also further generalizes previous known results, removing the theoretical assumptions that 8 must
be fixed at every iteration and that A must have normalized rows.
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1. Introduction. Large-scale systems of equations arise in many areas of data science,
including in machine learning and as subroutines of several optimization methods [12]. We
consider solving these large systems of linear equations, Ax = b, where A € R™*"™ b € R™,
and m > n. Iterative methods which use a small portion of the data in each iteration
are typically employed in this domain. These methods offer a small memory footprint and
good convergence guarantees. The Kaczmarz method [36] is such an iterative method that
consists of sequential orthogonal projections towards the solution set of a single equation (or
subsystem). Given the system Ax = b, the method computes iterates by projecting onto the
hyperplane defined by the equation aiTx = b; where aiT is a selected row of the matrix A and
b; is the corresponding entry of b. The iterates are recursively defined as

T
bi — az-j X;

Xj+1 = X5 + a;.

2, |12

We assume that Ax = b is consistent and m > n, but make no assumption on rank(A). We
will use r; := Ax; — b to represent the jth residual and e; := x; — x* to represent the jth
error term. We let At denote the Moore-Penrose pseudoinverse of the matrix A. Additionally,
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2 J. HADDOCK AND A. MA

Figure 1.1: Several iterations of a Kaczmarz method. The iterate x;;1 is the orthogonal
projection of x; onto the solution set of the selected equation (represented by a line).

we let opmin(A) be the smallest nonzero singular value of A and unless otherwise noted, we let
||| represent the Euclidean norm. We let ||-|| denote the Frobenius norm and |||l denote
the /°° norm. A visualization of several iterations of a Kaczmarz method are shown in Figure
1.1.

The Kaczmarz method was originally proposed in the late 30s [36] and rediscovered in the
1970’s under the name algebraic reconstruction technique (ART) as an iterative method for
reconstructing an image from a series of angular projections in computed tomography [27, 35].
This method has seen popularity among practitioners and researchers alike since the beginning
of the digital age [14, 33|, but saw a renewed surge of interest after the elegant convergence
analysis of the Randomized Kaczmarz (RK) method in [60]. In [60], the authors showed
that for a consistent system with unique solution, RK (with specified sampling distribution)
converges at least linearly in expectation with the guarantee

2. (A k
(L1) Ellex < (1—‘]{46)) leol 2
F

Many variants and extensions followed, including convergence analyses for inconsistent and
random linear systems [49, 15], connections to other popular iterative algorithms [44, 51, 56,
57, 21], block approaches [52, 58], acceleration and parallelization strategies [22, 37, 47, 45],
and techniques for reducing noise and corruption [68, 32].

Another popular Kaczmarz method extension is greedy (rather than randomized) row
selection, which has been rediscovered several times in the literature as the “most violated
constraint control” or the “maximal-residual control” [13, 54, 55]. This method was proposed
in the 1950’s as an iterative relaxation method for linear programming by Agmon, Motzkin,
and Schoenberg under the name Motzkin’s relaxzation method for linear inequalities (MM)
[48, 1]. In [1], the author showed that MM converges at least linearly (deterministically) with
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GREED WORKS 3

the convergence rate of (1.1). The bodies of literature studying this greedy strategy have
remained somewhat disjoint, with analyses for linear systems of equations in the numerical
linear algebra community and analyses for linear systems of inequalities in the operations
research and linear programming community [25, 26, 62, 4, 8, 9, 16]. There has been recent
work in analyzing variants of this greedy strategy [20, 6, 7, 59]. In [59], the authors analyze
MM on a system to which a Gaussian sketch has been applied. In [6, 7], the authors analyze
variants of MM in which the equation selected in each iteration is chosen randomly amongst
the set whose residual values are sufficiently near the maximal residual value. In [20], the
authors provide a convergence analysis for a generalized version of MM in which the equation
chosen in each iteration is that which has the maximal weighted residual value which are the
residual values divided by the norm of the corresponding row of the measurement matrix.
In [19], the authors illustrated the connection between MM and RK and proposed a family
of algorithms that interpolate between the two, known as the Sampling Kaczmarz-Motzkin
(SKM) methods.

The SKM methods operate by randomly sampling a subset of the system of equations,
computing the residual of this subset, and projecting onto the equation corresponding to the
largest magnitude entry of this sub-residual. The family of methods (parameterized by the size
of the random sample of equations, ) interpolates between MM, which is SKM with g = m,
and RK, which is SKM with g = 1. In [19], the authors prove that the SKM methods converge
at least linearly in expectation with the convergence rate specified in (1.1). Meanwhile, the
empirical convergence of this method is seen to depend upon §; however, increasing g8 also
increases the computational cost of each iteration so the per iteration gain from larger sample
size may be outweighed by the in-iteration cost. This is reminiscent of other methods which
use sampled subsets of data in each iteration, such as the block projection methods [2, 52, 53].

Like SKM, the randomized block Kaczmarz (RBK) methods use a subset of rows 7 C [m]
to produce the next iterate; rather than forcing the next iterate to satisfy the single sampled
equation as in RK, block iterates satisfy all the equations in the randomly sampled block.
The (k + 1)st RBK iteration is given by

Xk+1 = Xg + (AT)T(bT - A‘rxk)7

where A; and b, represent the restriction onto the row indices in 7. In [52], the authors
prove that on a system with a row-normalized measurement matrix and a well-conditioned
row-paving RBK converges at least linearly in expectation with the guarantee

2 O min(A) : 2
(1.2 Blenl?s (1 grgmte ) lleol?.
where C' is an absolute constant and || A|| denotes the operator norm of the matrix. This can
be a significant improvement over the convergence rate of (1.1) when || A[%> || A||?log(m +1).
However, the cost per iteration scales with the size of the blocks. In [53], the authors generalize
this result to inconsistent systems and show that, up to a convergence horizon, RBK converges
to the least-squares solution.
In [29, 30], the authors introduce a framework of iterative methods known as the sketch-
and-project methods. The sketch-and-project framework of methods produce each new it-
erate by projecting the previous iterate onto a sketch of the linear system; i.e., xpy1 =
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4 J. HADDOCK AND A. MA

argmingcpn ||x — xx||% s.t. S Ax = S'b. Subsequent works proposed and analyzed vari-
ants with momentum [40], inexact variants [42], and adaptive variants [28]. This framework
includes as special cases many forms of row- and column-action methods and second-order
iterative least-squares methods [64]. Kaczmarz methods which iteratively project onto the
solution spaces of subsets of rows in each iteration (like Block RK or SKM) can be interpreted
and analyzed in this framework. Single row-action methods are recovered when the sketch-
ing matrices select a single row of the system. The SKM methods are recovered when the
sketching matrices select a single row of the system and the choice of which sketch to use in
each iteration is made in the same way as SKM (a randomized sample then a greedy selection
based upon sketched residual). The results recovered from [29] for this interpretation of SKM
coincide with (1.1).

In [50], the authors, inspired by the sketching framework in [29], construct a block-type
method which iterates by projecting onto a Gaussian sketch of the equations. They show that
this method converges at least linearly in expectation with the guarantee

o s ) e

where C' is an absolute constant and s is the number of rows in the resulting sketched system.
This result requires a Gaussian sketch which is a costly operation, however the authors suggest
using a Gaussian sketch of only a subset of the equations. This result is most related to SKM
and to our main result due to the presence of s, the size of the sketched system, in the bound.

2. Previous Results. This section focuses on the convergence behavior of the RK, MM,
and SKM methods. Each of these projection methods is a special case of Algorithm 2.1
with a different selection rule (Line 4). In iteration j, RK uses the randomized selection
rule that chooses t; = i with probability ||la;]|3/||4]|%, MM uses the greedy selection rule
t; = argmax;|a, xj_1 —b;|, and SKM uses the hybrid selection rule that first samples a subset
of 8 rows, 7j, uniformly at random from all subsets of size 3, 7; ~ unif(([’g])), and then
chooses t; = arg maxi67j|ag— xj—1 — bj|. As previously mentioned, RK and MM are special
cases of the SKM method when the sample size § = 1 and 8 = m, respectively. Each of the
methods converge linearly when the system is consistent with unique solution (RK and SKM
converge linearly in expectation, MM converges linearly deterministically). In Table 2.1, we
present the selection rules and convergence rates for RK, MM, and SKM. Note that under
the assumption that A has been normalized so that ||a;||2= 1, each of these upper bounds
on the convergence rate is the same since ||A||%= m. Thus, these results do not reveal any
advantage the more computationally expensive methods (MM, SKM with 5 > 1) enjoy over
RK. There are, in fact, pathological examples on which RK, MM, and SKM exhibit nearly
the same behavior (e.g., consider the system defining two lines that intersect at one point in
R?), so it is not possible to prove significantly different convergence rates without leveraging
additional properties of the system.

In [31], the authors demonstrate that MM can converge faster than RK or SKM and
that the convergence rate depends on the structure of the residual terms of the iterations,
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Algorithm 2.1 Generic Kaczmarz Method

1: procedure KACz(A, b, xg)

2: k=1
3: repeat
4: Choose tj € [m] according to selection rule.
atTkafl—bt,c
5 X = Xg—1 — Hatkllg atk.
6 k=k+1
7 until stopping criterion reached
8 return x;
9: end procedure
Selection Rule Convergence Rate
y ) 2 ?ﬂin A
RK [60] P(t; = 1) = |5l Ellex2< (1 - Zgiz)" o
7 ~ unif( (™ 2 (A
KM 1 j it (5) ElfenlP< (1 - ) ey
t; = argmax;., |a, %, — b
2' A
MM [1] | ¢ =argmaxifalx;1 — bl | [leslP< (1 - ) el

Table 2.1: The selection rules and convergence rates of RK, SKM, and MM. The presented
results for MM and SKM assume that A has been normalized so that ||a;|*= 1.

rip = Axp — b. In particular, they prove that

2
_ o, (A
Jeul>< 523 (1 - ot g 2,
J

_ 5l
| 5 e
paper is to prove that the SKM methods can exhibit a similarly accelerated convergence rate
and the advantage scales with the size of the sample, 5. Again, this advantage depends upon
the structure of the residuals of the iterations. We define here a generalization of the dynamic

range used in [31]; our dynamic range is defined as

ZTe(ITE])HATXj—l —b.|?
%= :
(D ST

where v; is the dynamic range of the ith residual, v; : . Our main contribution in this

(2.1)

Now, we let E;; denote expectation with respect to the random sample 7; conditioned upon
the sampled 7; for ¢ < j, and E denote expectation with respect to all random samples 7; for
1 <4 < j where j is understood to be the last iteration in the context in which E is applied.
We state our main result below in Corollary 2.1; this is a corollary of our generalized result
which will be discussed and proven later.

Corollary 2.1. Let A be normalized so ||a;||= 1 for all rows i = 1,...,m. Suppose the system
of equations Ax = b is consistent, define x* = A'b, and let xq € range(AT). Then SKM
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6 J. HADDOCK AND A. MA

converges at least linearly in expectation and the bound on the rate depends on the dynamic
range, i, of the random sample of B rows of A, 1. Precisely, in the kth iteration of SKM,

we have

BUrQnin(A)
Y
so applying expectation with respect to all iterations, we have

Er, - x*2< (1 - Yl = x|,

J

k 2
* O min A *
Ellxe - x*2< T (1 - B—H)HXO — x|,
j=1

Corollary 2.1 shows that SKM experiences at least linear convergence where the contraction
term is a product of terms that are less than one and dependent on the sub-sample size .
When 8 = 1, as in RK, 7, = 1, so Corollary 2.1 recovers the upper bound for RK shown
in [60]. However, when 5 = m for MM, Corollary 2.1 offers an improved upper bound on the
error over [31]; specifically

2
o-. (A
Jewl< (1 - T2 Yoy 2

Our result illustrates that the progress made by an iteration of the SKM algorithm depends
upon the dynamic range of the residual of that iteration. The dynamic range of each iteration,
7;, satisfies

1<y <8

Note that the upper bound, ~; = 3, is achieved by a constant residual where \aZTXj — bi|=
lalx; — by| for all 4,7/ € [m], while the lower bound is achieved by the residual with one
nonzero entry. As smaller v; provides a smaller upper bound on the new error e;, we consider
the situation with one nonzero entry in the residual as the “best case” and the situation with
a constant residual as the “worst case.” We now compare our single iteration result in the
best and worst cases to the previously known single iteration results of [1, 19, 31, 60]. These
are summarized in Table 2.2; we present only the contraction terms « such that

E: Jlex]*< allex—1]%,

for each upper bound in the case that A is normalized so that |la;||?= 1 for i € [m]. In
particular, note that the worst case residual provides the same upper bound rate as those of
[60, 19, 1].

3. Main Results. Corollary 2.1 is a specialization of our general result to SKM with a
fixed sample size 8 and systems that are row-normalized. Our general result requires neither
row-normalization nor a static sample size. However, we must additionally generalize the
SKM sampling distribution for systems that are not row-normalized. We now consider the
general SKM method which samples 5, many rows of A in the kth iteration (according to
probability distribution px, , defined in (3.1)) and projects onto the hyperplane associated to
the largest magnitude entry of the sampled sub-residual.
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Best Case | Worst Case | Previous Best Case | Previous Worst Case
MM | 1-02,(A) 1— T [31]
2 A 02n(4) o2 (4)
SKM | 1 - % 1 - == e 1= =mi—= 1, 19, 60]
Urnin m

Table 2.2: Contraction terms « such that E,, |lex|?< «||ex_1]|* for the best and worst case
bounds of MM, SKM, and RK.

The generalized probability distribution over the subset of rows of A of size §j is denoted
[m]

Dx : ( ﬁk) — [0,1). The sampled subset of rows of A, 7, ~ px where
Hat(Tk,x) ”2

ZTG( )”at(T,x)HZ’

[m]
B

(3.1) px () =

and t(7,x) = arg max,¢, (a; x—b;)2. Thus, our generalized SKM method is Algorithm 2.1 with
selection rule 7; ~ px,_, and t; = t(7j,%;_1). Similar to the RK probability distribution of [60],
the computation of (3.1) is utilized here simply to theoretically analyze the SKM algorithm
without requiring normalized rows. This choice of sampling distribution conveniently simplifies
the expected value computation in the proof of Theorem 3.1 by cancelling the numerator of the
probability with the squared norm of the sampled row. We do not suggest that this probability
distribution be implemented in a real world setting as it is computationally prohibitive.

One could instead implement a uniform distribution over rows or learn the distribution
with probabilities proportional to the squared norms of the rows (as suggested in [60]). Neither
of these is guaranteed to coincide with the distribution defined in (3.1), due to the dependence
on the iterate x. However, for many datasets where the row norms are (approximately) equal,
the uniform distribution (approximately) coincides with (3.1). In particular, when the rows
of A all have equal norm, as in the case of incidence matrices (see Section 4.2), then (3.1)
reduces to the uniform distribution over samples of size ;. Past works which analyze SKM
[19, 47, 46] assume that the rows of A are normalized and that the probability distribution
over the samples of size 8 is uniform. To the best of our knowledge, ours is the first work
in this area to analyze an iterative projection method with an iteration dependent sampling
distribution.

Our main result shows that the generalized SKM converges at least linearly in expectation
with a bound that depends on the dynamic range of the sampled sub-residual, the size of the
sample, and the minimum squared nonzero singular value of A, o2, (A). In the event that
there are multiple rows within the sub-residual which achieve max;e,(a) x —b;)?, an arbitrary
choice can be made amongst those rows and the main result will not be affected by this choice.

Theorem 3.1 provides theoretical convergence guarantees for the generalized SKM method.
Whereas previous guarantees for SKM required normalized rows or fixed sample sizes 5 [19,
31, 47, 46], the guarantees presented here do not require either assumption. In addition, the
contraction term of the generalized SKM method shows dependence on the dynamic range,
another feature lacking in previous works. Following the statement of the theorem, we use
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8 J. HADDOCK AND A. MA

standard techniques in the Kaczmarz literature to prove our main result.

We additionally describe a simple generalization of the main result in the case that the
samples are not made according to the generalized SKM distribution (3.1), but instead ac-
cording to a distribution p(7) whose probabilities are at least a constant factor of those in
(3.1). We also remark on the special case in which rows have equal norm (and thus subsets 7
are selected uniformly at random), the case where (3 is fixed, and the case in which g =1
in order to make connections to previous results. Due to the dependence of the sampling dis-
tribution upon the current iterate, our main result is not easily iterable to provide the usual
form of a Kaczmarz type result (e.g., E|lex||?< oF||eg||?) so we present the bound for only a
single iteration. However, in the special cases we describe in Remarks 2 and 3 we are able to
iterate the simplified expression due to the simplicity of the sampling distribution.

Theorem 3.1. Suppose the system of equations Ax = b is consistent, define x* = A'b, and
let x € range(A"). Then generalized SKM converges at least linearly in expectation and the
bound on the rate depends on the dynamic range, v of the random sample of B rows of A,
Tx. Precisely, in the kth iteration of generalized SKM, we have

Bk (gZ)UI%lln(A)
,Ykm ZTE([gI]) Hat(‘r,xk,l
k

Er, [ — x*2< (1~ )W)wkl—fw.

Proof. We begin by rewriting the generalized SKM iterate x; and simplifying the resulting
expression which yields

T
*12 _ at('rkvxk—l)xkil - bt(Tk»xk—l) % 2
Ik = %2 = || -1 - T ) X
ky»Xk—1
T 2
= ||xu X*HQ (at(Tkaq)xk_l - bt(Tk,Xk—ﬂ)
= 11— _
Hat(’rk,xk_l)”z
= ||xg—1 — x*|*~ A1 — ka”go,

”at(Tk,Xk_1)||2

where the first equation uses the definition of the generalized SKM iterate, and the second

follows from the fact that atT(Tk’inl)(xk_l —x*) = a;/ETkyxk—l)Xk_l — by(ry, x),_1)- Note that
T *
at(‘rk,xkfl)x = (AATb)t(Tk,Xk,l) = bt(‘rk,xkfl)

since b € range(A) and AA' is the projector onto range(A).
Now, we take expectation of both sides (with respect to the sampled 7 according to the
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distribution (3.1)). This gives

HAT/ng—l — by, ||go
||at(7'k,xk_1) ||2

A;x,_1 — b2
= ”Xk—I*X*||27 Z pkal(T)H i T2||Oo
e([m]> ”at(T,Xk_l)H
,
Bk

|| Ag(r,x )H2 ||A'rxk—1 - b7'”2
(:2) s - X <
Z ) Zﬂ—e( )Hat(ﬂ,xkfl) ”2 Hat(‘r,xkfl) ||2

1
= ||lxp_1 — x*|*— |Arxg—1 — b- |2
ZWE(%)H%(W,M_I)HQ 2 4 e

Er, [ — x[|* = [|33-1 — x*[|*~E,

re(t)
1
= flxe_1 — x"||2- 5 Z 141 — by
Tk ZT(E([gILj) Hat(ﬂ':xkfl) ” [g;])
(%) Br
= [|xx — x|~ - 7 14%e- = b

'szﬂe( )Hathk 1 |

B ’Ykmzﬂe([gt])Hat(ﬂ,xk,1)|’2
k

Yz = x|,

where the last line follows from standard properties of singular values and the fact that
X, 1 € range(A") (since xg € range(A") and the SKM update preserves membership in
range(A")). This completes our proof. [ ]

Now, we provide a corollary of the previous result which provides a bound on the expected
error for the SKM algorithm which samples subsets of rows 7 according to an alternate
probability distribution p(7) satisfying p(7) > epx,_, (1) for all 7 € ([ZZ]) In this case, we can
exploit the relationship between probabilities to reuse the proof of Theorem 3.1. Provided
that the probability distribution p(7) is fixed between iterations we can iterate the bound
unlike in Theorem 3.1. An application of Corollary 3.2 with the uniform distribution is given
in Remark 1.

Corollary 3.2. Suppose the system of equations Ax = b is consistent, define x* = A'b, and
let xo € range(AT"). Suppose one runs SKM with i, ~ p(T) and ty = t(1x, Xx_1) and that the
probabilities used to sample, p(T), are at least a constant factor of the probabilities (3.1); that
is p(T) > epx,_, (T) for all T € ([ﬁ ]). Then we have that

- ) Bro2 (A
(3-3) B, [lxe —x*[I°< | 1 it W 5 | Ik — x|
kmzﬂ-e( )H (7, Xp— 1)“

where IETk denotes expectation taken with respect to the sampling of T, according to p(T) and
conditioned on the choices of T; for j < k. Furthermore, if p(T) is constant between iterations
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223 (so Bj = B is constant) and independent of Xi_1, we can iterate the previous result and have
k m 2
- e('5)Boz. (A
221 (3.4) Elx, —xP< ] [1- (5) 5 min (4) o | llxo — x*|I?
j_l 'Y]mzﬂe([tg]) ”at(ﬂ,xj',l) H

225 where E denotes expectation taken with respect to all samples of Tj forj=1,..k.

226 Proof. This proof is identical to that of Theorem 3.1 but where we first replace E,, with
227 B, and px, (1) with $(7). We replace the equation in (3.2) with an inequality and must
228 add an e to the numerator of the subtracted term in each line from (3.2) on. The iterated
229  bound follows from recursively applying the bounds on the conditional expectations of each

230 1iteration. [ |

Remark 1. (Uniform probability distribution) We consider the case of the uniform distri-
bution over samples, i.e., p(T) = 1/(;2) We note that since

max;e [, [|ai|?

Br) mine 2]

min;e ) [|a; |

() maxic [l

< Pxpa (T) <
< Py, (T) (

when min;cpy l|ag]|*> 0, we have

min;ef,, [|a; |2

(7).

Z 7 o Pxi_
max; e, |ag 277

231 Thus, Corollary 3.2 holds for the uniform distribution with € = min;e [, [la;||* /max;cp; [|as]|*.
232 We note that this additionally provides a convergence analysis for RK of [60] in the case that
233 the matriz A has unnormalized rows and the uniform distribution over rows is employed in
234 sampling.

235 The next remarks make simplifying assumptions on the generalized SKM algorithm and
236 our main result to provide better context for comparison with previous works.
237 Remark 2. (Recovery of RK guarantees) If all of the rows of A have equal norm (not
238 mnecessarily unit norm), then our result specializes to
Bropin(4) 2
230 (3.5) E, |jx; — x*|?< (1 - ¢) et — x*2,
* Vel Al

240 and we can iteratively apply this per-iteration guarantee to give a bound on the error in ex-
241  pectation with respect to all samples,

k
* B'O-rQHin(A) *
212 (3.6) Elx; — x*|?< [] (1 - m)nxo—x 2.
j=1

243 Additionally, when By = 1, the sampling distribution (3.1) and theoretical error upper bound (3.5)]
244 simplifies to the probability distribution and error guarantees of [60)].
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Remark 3. (Improvement of MM guarantees) Corollary 2.1 is obtained from Theorem 3.1
when rows of A have unit norm and B, = 5. When B = m, then an improved convergence
rate of

2 k 2
* O min A * O min A *
s — 2 (1 - 2ot gy e TT (1 2ot gy e,
j=1 K

Yk

for MM over that shown in [31],

o2 (A) i o2. (A)
X — X* 2§<1—L) xp_1 — X*||?< (1—L> xo — X2,
i — x| i), < I1 (1= 22 o=

1s obtained.

Remark 4. (Connection to Block RK) Note that this bound on the convergence rate of
SKM additionally provides a bound on the convergence rate of a block Kaczmarz variant.
This variant is distinct from the block Kaczmarz method considered in [52]. The analysis of
[52] requires a pre-partitioned row paving, while the variant considered here allows the blocks
to be sampled randomly and not pre-partitioned. Consider the block Kaczmarz variant which
in each iteration selects a block of Bx rows of A, 1., and projects the previous iterate into the
solution space of the entire block of B equations. This variant necessarily converges faster
than SKM as it makes more progress in each iteration. In particular, note that {x|A, x =
b, } C {x|atT(Tk’y)x = by(r,y)}- Given iterate x,_1 and sample of rows 73, let x;*M denote the
iterate produced by SKM and XEK denote the iterate produced by this block Kaczmarz variant.
Note that X}?;KM is the closest point to xx_1 on the hyperplane associated to equation t(Tg,Xj—1)
s0, since XEK also lies on this hyperplane, we have

SKM
k

e = o [P < o™ — x|,

Now, we note that by orthogonality of the projections, we have

e = e |2 M — |2 = Y-y — %12 (1 — gl PH]e — x|

so by the above inequality, we have
BK 2 SKM 2
[ N R
A wvisualization of this situation is presented in Figure 3.1. Thus, the progress made by BK

in any fized iteration is at least as large as the progress made by SKM, so it must converge at
least as quickly.

One may be assured that the contraction term in Theorem (3.1) is always strictly positive.
We prove this simple fact in Proposition 3.3.

Proposition 3.3. For any matriz A defining a consistent system with x* = A'b and Xj_1 €
range(AT"), we have

ﬁj (,gj) Ur2nin (A)

m ZTE([gJL_]) Hat(‘r,x]-,ﬂ ”2 '

AV

Vi
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12 J. HADDOCK AND A. MA

Figure 3.1: The SKM and BK iterates, X%KM and XEK, generated by one iteration starting at
xp_1 satisfy |[xPK — x*[|2< || xPEM — x*||2,

258 Proof. Beginning with the definition of v;, we have

. - 2 S m %
e M1~ b (514G — )P

259 J —

. _ T X *
ZT]E( )||ATjX]—1 brj||go ZTJ.E([;;J)’at(fj,xjfl)(xy—l—X)’2

[m]
Bj
o () 7 () e — x|

260 3;)Omin
N Z‘rje([g])Hat(7j7xj,1)”2”x‘j_1 — x*||2

261 _ B (5) 7 imin (4) y

262 mzre([g]"])”at(‘r,xjfl)u

263 where the inequality follows from properties of singular values and Cauchy-Schwartz. [ |

264 Because Theorem 3.1 shows that the contraction coefficient for generalized SKM is depen-

265 dent on the dynamic range, the following section discusses bounds on the dynamic range for
266 special types of linear systems.

267 4. Analysis of the Dynamic Range. Since the dynamic range plays an integral part in the
268 convergence behavior for generalized SKM, the dynamic range is analyzed here for different
269 types of specialized linear systems. Note that the dynamic range has also appeared in other
270 works, although not under the guise of “dynamic range”. For example, in [6] the authors
271 proposed a Greedy Randomized Kaczmarz (GRK) algorithm that finds a subset of indices to
272 randomly select the next row to project onto. The operation of finding this subset relies on a
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ratio between the £, and {5 norms of the residual at the current iteration, essentially using
a proxy of the dynamic range. In the next section, we analyze the dynamic range for random
Gaussian linear systems and remark on the extension to other random linear systems. In the
following section, we analyze the dynamic range for linear systems encoding average consensus
problems on undirected graphs via the incidence matrix.

4.1. Gaussian Matrices. When entries of the measurement matrix A are drawn i.i.d. from
a standard Gaussian distribution, it can be shown that the dynamic range is upper bounded
by O(nfS/log ). The proof of the upper bound of ~ is similar to Lemma 2 of [31], where the
authors analyze the dynamic range for § = m. Here, we generalized the bound for varying
samples sizes [y,.

Proposition 4.1. Let A € R™" be a random Gaussian matriz with a;; ~ N(0,02). For
each subset T € ([ﬁmk}), let I C 1 denote the set of rows in T that are independent of x and note

|I-|< Br. Assuming there is at least m' rows in [m] which are independent of x, the dynamic
range can be upper bounded as:

Sy Bl Al () (Ben + S lail?/o?)
VTS ) Bl AT (57) 1og(50) |

Remark 5. Note that the factor (m)/(m/) is O(1) as m — oo since

Bk Bk
(5) _ m! Br! (m —j — B! :ﬁm_i
(5)  Atm=B)t  (m—jb agm =i

Thus, we conclude that the expected dynamic range for any iteration k is O(nB/log(Bk)).

Proof. Without loss of generality, we let the solution to the system x* = 0 so that b = 0.
We are then interested in finding an upper bound on the dynamic range (2.1) in expectation.
Here, the expectation is taken with respect to the random i.i.d. draws of the entries of A.
To that end, we derive upper bounds and lower bounds on the numerator and denominator

This manuscript is for review purposes only.
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of (2.1). Starting with the upper bound on the numerator we have

S EdlAxP < Y S B (Jlal?x]?)

TE([;:’;]) TE([TE]) IET
= 30 | S EalaillPixP+ D a1
TE([BT';]) i€lr et\I;
= 3 [ DIl D Ml
re(pl) \ielr oy a
< 3 B+ X Jaill? | Ix)?
Te([g}?) ier\I,
m
= () (Beno?+ 3 el ) el

’ieT\IT

where the first inequality follows from the Cauchy-Schwartz inequality and remaining compu-
tation uses the fact that E,||a;||?= no? and simplifies the expression. The lower bound follows
from

Z Eo|lArx|%, Z Ear?eix<a¢,x>22 Z Earirg}x<ai,x>2

TG([TE]) TE([”S]) TE([ZL])
2 2
> > <Eariréa}§<a¢,><>> > Y (Earirg}}(am))
re("3) e(")
|I‘r|:lBk

> Y o%|x[*log(y)
r<(7)
‘I‘r|:/3k

> (7; >02|lx\|210g(5k),
k

where the second to last inequality uses the fact that for i.i.d. Gaussian random vari-
ables g1,g2,...gv ~ N(0,0?), we have that E(max;en) i) 2 ovIogN and that (a;x) ~
N(0,02||x||?). Therefore, we have

2
. 2y Ball Arx]|
- 2
ZTE([Tg]) EollArx||5
m 2 112
) (mnf + e lail’”)
(% ) o2 log(Bk)
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== Yk - = 7 for Gaussian error
=-=- B/ log(Bk) 4 ey for Bernoulli error
4h — Gk i ——bound for Gaussian error
3.5 —-—- bound for Bernoulli error
—_
3 k
3 25
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< ‘ 2 -"‘.‘J
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-
1.5 e
1 ! o
0.5 =
T e
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B, <104 By x10

Left: Gaussian matrix A €
and Gaussian error e € R%% (red). Conjectured bound is plotted in blue. Right:
Incidence matrix @ € R*4850%300 for complete graph K3gp with Gaussian error e, € R3% (red)
and a sparse error e; with Bernoulli random variable entries (blue). Bounds are plotted in
the same colors with different line styles.

Figure 4.1: Dynamic ranges -, for various sample sizes (.
R50000x500

Dividing all terms by o2 attains the desired result (4.1). [ ]

We conjecture that the true bound is actually O(S/log(Bk)) and that the n is an artifact
of our proof technique; throughout our experiments varying n (and for various m), we have not
found any dependence of ~; on n. For this reason, we have plotted v; and the corresponding
conjectured bound in the left of Figure 4.1 for a Gaussian matrix of size 50000 x 500.

Remark 6. To extend to other distributions, one can simply note that as the signal dimen-
sion n gets large, the Law of Large numbers can be invoked and a similar computation can be
used to show an upper bound on the dynamic range of the system.

With this estimate for 7, one can now ask for the optimal choice for £ in terms of
computational time. We can use Theorem 3.1 to estimate the expected number of SKM
iterations required so that [|xx — x*||?/||x0 — x*||?< € for ¢ < 1; assuming that A is row
normalized, we expect this relative error stopping threshold is reached for number of iterations

E> log(e)

= Bro2. (A
log (1 — W)

To estimate the optimal parameter 3, we must have an accurate estimate for computational
effort of each SKM iteration with sample size 5. We first use an estimate for FLOPS required
in each iteration of SKM as a proxy for computational time (which is notoriously difficult
to estimate); the per-iteration flop requirement for each iteration of SKM is O(nfi + n).
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16 J. HADDOCK AND A. MA

Therefore, the required FLOPS to reach relative error threshold e is

(nfx +n)log(e) ~_ (nfx +n)log(e)
o2 . o, o2 ’
log (1 B %(m) log (1 _ TogtBi ﬁm(m)

where we have used the estimate 7, ~ nf/log(5x). This estimate is plotted for a variety of
sample sizes 3, for a row-normalized Gaussian matrix A € R39000%590 with ¢ = 10~ (solid red
line) in Figure 4.2a ; we additionally plot (nS8;+n)kemp Where kemp is the number of iterations
empirically required to reach relative error stopping threshold ¢ = 10~* (dashed blue line).
We next estimate computational time required per iteration as the average CPU time for
a single iteration of an empirical trial of SKM, tg,. We estimate the required CPU time to

reach relative error threshold € as

tg, log(€) tg, log(e€)

o2 . ~ o, o2 ’
log <1 B %M)> log <1 R gwk; n?‘“(A)>

This estimate is plotted for a variety of sample sizes S for a row-normalized Gaussian matrix
A € RP0000x500 ith ¢ = 107* (solid red line) in Figure 4.2b; we additionally plot the total
CPU time empirically required to reach relative error stopping threshold ¢ = 10~* (dashed
blue line). We note that the estimated optimal choice for gj differs given the estimates of
per-iteration computational burden. This is to be expected as our estimate for FLOPS per
SKM iteration ignores computational overhead and communication time that contribute to

the CPU time.

104
<

x10°

e
S

—— Theoretically required 7|
= =Empirically required

= Theoretically required
= =Empirically required

<107

5 <

2
2

2
2

3/Ix0 — x|
o o
[o+] o N
N w S [}
p_ e ¢

o
\
\

-
T

FLOPS for ||x;, — x*||
\
\

o

150 200

S
\
1
CPU Time for ||x; — x*||3/||x0 — x*|

10

(a) Estimate of theoretically required and em- (b) Estimate of theoretically required and em-
pirically required FLOPS. pirically required CPU time.

Figure 4.2: Comparison of theoretically and empirically required FLOPS and CPU time to
reach given relative error stopping threshold and estimate of optimal £ for Gaussian system
defined by row-normalized A € R>0000%500 " averaged over five independent trials.
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This estimate of the optimal choice for 5, for a given system was dependent upon having an
estimate for ~y that is fixed between iterations and does not depend upon the current iterate.
Gaussian systems are the only type where we have such an estimate; in the next section,
we provide a bound for systems defined by incidence matrices, but this bound is iterate-
dependent. When there is no iteration-consistent estimate for ~, one can attempt to choose
the optimal §; using an estimate for ; based on the sampled portion of the residual. We
take this naive, empirical approach in Section 5 and call this selection strategy ‘useDynRng’.

4.2. Incidence Matrices. In the previous subsection, we analyzed the dynamic range for
systems with measurement matrices that are randomly generated. Deterministically generated
measurement matrices are additionally of interest. In this subsection, we analyze the dynamic
range associated to incidence matrices of undirected graphs, G = (V, £). The incidence matrix
@ associated to an undirected graph is of size |E|x|V|. For each edge, (4, j) € € which connects
vertex ¢ to vertex j, the associated row of () is all zeros with a one and negative one in the
ith and jth entries. These types of matrices arise in one formulation of the average consensus
problem as a system of linear equations.

The average consensus problem on a graph asks that all nodes on the graph learn the aver-
age value of initial, secret values held by each node using only local information; that is, each
node 7 initially knows ¢; and at solution they should all know ﬁ Y icy € With communication
only across edges. This problem models computation in many real life applications such as
clock synchronization [23], localization without GPS [67], distributed data fusion in sensor
networks [66], and load balancing [17]. Many analyses of (asynchronous and synchronous)
distributed methods for this problem exploit its formulation as a system of linear equations.
The problem over a directed graph may be formulated as a linear system using either the
incidence matrix (described above) or the Laplacian matrix, L = D — A where D is the diag-
onal matrix of node degrees and A is the adjacency matrix, or more generally as an average
consensus system defined in [39].

The gossip methods that solve the average consensus problem are generalized by the Kacz-
marz methods [43]. Early work making this connection focused on the formulation of the
average consensus problem as a Laplacian system [69], but subsequent work generalized this
connection to systems formulated more generally [39]. RK specializes to the randomized gossip
method in which the pair of nodes which update are selected at random [65, 11]. The connec-
tion between gossip methods and other Kaczmarz variants have been observed; the connection
to block methods was noted in [39], extended methods in [69], and accelerated methods in
[41, 38]. This connection has also spawned new gossip methods; in [34] the authors propose a
privacy preserving gossip method, and in [5], the authors propose an accelerated, decentral-
ized gossip method. In [43], the authors summarize many of these advances and connections
between the Kaczmarz literature and gossip literature. They first noted and exploited the
fact that SKM specializes to a variant of greedy gossip with eavesdropping (GGE) in which
the nodes are selected from amongst a random sample to maximize the update [63]. By uti-
lizing the connection noted between GGE and SKM in [43] and with some adjustments to
the method and theoretical setup here (namely sampling according to the connectivity of the
network and redefining the dynamic range accordingly), the approach for proving our main
convergence rate can be employed in proving a similar convergence rate for GGE.
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18 J. HADDOCK AND A. MA

Now, we consider the dynamic range for an incidence matrix. We can derive a simple
bound on the dynamic range in each iteration that depends only upon the entries of the
current error vector, e, := x; — Xx*. In particular,

2 .
) || Qr o _ o)
ZTE([Bk])\|Q e Z ||Q . H2 _ ( ) Z(z,g)ee( k] )2
[ 7Eklleo () _ 02

re() ZTG([&J) max(; je, (e’ — ¢

Bk
_ Blm =B+ ) S j)eg<e§j’ —ef)))?
- & n;
mZL ‘/Bk(ek' — e]g '7))2

where n; and n; denote the vertices connected by the mth smallest magnitude difference
across an edge. This bound improves for iterates with a sufficient amount of variation in the
coordinates. We have plotted ; and the corresponding bounds in the right of Figure 4.1. We
calculate these values for the incidence matrix Q € R*4850x300 of the complete graph Ksgg in
the cases when the error is a Gaussian vector (red) and a Bernoulli vector (blue).

(42) w=

Proposition 4.2. If the right-hand-side vector associated to the system (Qx = b is b = 0,
as in the average consensus problem, then this bound on the dynamic range is easily computed
from the current iterate,

mm—ml)z( )eg<x,&>—x§j)>
m Y (@) — o)

Remark 7. We note that this bound on the dynamic range holds for any incidence matriz
Q, including those associated with directed graphs. In the case of directed graphs, however,
additional assumptions must be made to ensure the well-posedness of the average consensus
problem. Additionally, the Kaczmarz methods must be altered to ensure communication in
only one direction along edges for directed graphs. Analyses of reqular Kaczmarz methods,
such as RK or SKM, do not apply to average consensus systems on directed graphs. We leave
consideration of Kaczmarz type methods for this variant of the average consensus problem to
future work.

Vi <

5. Experiments. In this section, we present simulated and real world experiments using
SKM for varying sample sizes 8. In the simulated experiments, we compare the theoretical
convergence guarantees to the empirical performance of SKM, measured by approximation
error |le;||?, averaged over 20 random trials. The number of rows m = 50000 and number
of columns n = 500 are fixed for all simulated experiments. The solution to the system is a
vector x* € R™ where each entry is drawn i.i.d. from a standard Gaussian distribution. In
each experiment, the systems are consistent so that b = Ax*. The sample sizes considered for
this experiment are 5 = {1,100,200,500,1000}. Unless otherwise stated, the rows of A are
uniformly selected without replacement. The experiments presented in this section were are
performed in MATLAB 2017b on a MacBook Pro 2015 with a 2.7 GHz Dual-Core Intel Core
i5 and 8GB RAM. For practical reasons, we normalize the rows of A and utilize the bound
shown in Corollary 2.1.
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Figure 5.1: Comparison of SKM for various choices of fixed 5 values on linear system with
entries of A drawn from i.i.d. from N(0,1). (left) Iteration vs Approximation Error with
dashed lines representing average empirical performance of SKM and solid lines representing
theoretical upper bounds for SKM. (middle) FLOPS vs Approximation Error. (right) CPU
time vs Approximation Error

Figure 5.1 and Figure 5.2 show the results for Gaussian and Uniform random matrices A
respectively. For Gaussian random matrices, each entry of A is drawn i.i.d. from a standard
Gaussian distribution. For Uniform random matrices, entries of A are drawn i.i.d. uniformly
from the interval [0,1]. In each figure, we plot along the horizontal axis the (left subplot)
iteration, (middle subplot) FLOPS or floating point operations, and (right subplot) CPU
time in seconds. The vertical axis for all plots indicate the average approximation error across
random trials. Note that the left most subplot for both figures also contains a solid line, which
indicates the theoretical upper bound of the algorithm provided by Corollary 2.1.

For linear systems with Gaussian random matrices, we see in Figure 5.1 that the conver-
gence upper bound proven in this work closely matches the behavior of the SKM algorithm
regardless of the choice of sample size 5. To compare this result to previous works, note that
when 8 = 1, the upper bound provided in Corollary 2.1 simply recovers the previous known
upper bound for SKM with normalized rows, a bound which was completely independent of
B. In other words, the solid red line is the comparative previous known SKM upper bound
for all 8.

Of course, choices of large sample sizes 5 come at a cost, which are captured in the middle
and right most subplots of Figure 5.1. When measuring efficiency, it seems that 8 = 1 makes
the most progress with minimal FLOPS while g = 100 is optimal amongst the tested sample
sizes with respect to CPU time. This difference is typically explained by the programming and
computer architecture (e.g., it may be more efficient to work on batches of rows as opposed
to single rows at a time).

Figure 5.2 uses a uniform random matrix A instead of a Gaussian random matrix. While
the algorithm efficiency with respect to FLOPS and CPU time have similar conclusions to
those in the Gaussian measurement matrix case (as one would expect), the iteration vs ap-
proximation error plot now tells a different story. Unlike in the Gaussian case, the theoretical
upper bound no longer closely tracks the approximation error of SKM. The looseness here
comes from lower bounding the norm of ||Ax||3 with the magnitude of x times the smallest
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Figure 5.2: Comparison of SKM for various choices of fixed 5 values on linear system with
entries of a A drawn from unif([0, 1]). (left) Iteration vs Approximation Error with dashed lines
representing average empirical performance of SKM and solid lines representing theoretical
upper bounds for SKM. (middle) FLOPS vs Approximation Error. (right) CPU time vs
Approximation Error

nonzero singular value of A squared. Empirically, we have seen that this lower bound is
tighter for Gaussian systems than Uniform systems. It should be noted that even though our
theoretical bounds do not track the approximation error for SKM as tightly, they are still a
slight improvement over the previous known bounds for SKM.

In addition to being an improvement over the previously known SKM bound, the con-
vergence bound shown in this work enjoys the flexibility of being amenable to a dynamically
selected sample size fB. Figure 5.3 and Figure 5.4 show the empirical results from experiments
where () is allowed to change at every iteration. In Figure 5.3 the measurement matrix A
is again a random Gaussian matrix and in Figure 5.4 the measurement matrix entries are
drawn i.i.d. from Unif([0,1]). We consider three sampling regimes that change [ at every
iteration: ‘useDynRng’ which allocates 5 as a function of the dynamic range, ‘slowlnc’ which
increases (B at every iteration until 8 = m, and finally ‘rand’ which uniformly at random
selects a [y € [m] at every iteration. More specifically, the ‘useDynRng’ uses the heuristic
ml|Ar,_ xk—1—br_ llec

n[Ar,_ Xr—br_ 2
of an approzximation of the dynamic range v, computed without incurring additional compu-
tational cost, in a naive attempt to optimize the contraction term of the theoretical bound
for SKM. Even though (i changes at each iteration, we see that the theoretical guarantees
proven in this work still track the progress of SKM. This indeed opens up new and interesting
avenues of research including how one can compute an optimal 5 at every iteration. Since
the focus of this work is the improvement of the convergence bound of SKM, we leave this for
future work.

Figure 5.5 employs the upper bound on the dynamic range derived in Proposition 3.3 to
approximate an upper bound for the error of SKM iterates when 8 = 100. Here, we compare
the empirical performance of SKM with its previous known upper bound using the contraction

Br. = [max(m, )]. Note that this choice of B, relies directly on the inverse

term 1— =22 and 1 - . Note that we drop the factor of n apparent in Proposition 3.3

as we suspect it to be an artifact of the proof technique used and conjecture that the true
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Figure 5.3: Comparison of SKM for various choices of dynamically selected B values on linear
system with entries of A drawn from N (0, 1).
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Figure 5.4: Comparison of SKM for various choices of dynamically selected S values on linear
system with entries of A drawn from Unif(]0, 1]).

upper bound of the dynamic range is actually O(8/log(5)).

In both the Gaussian and Uniform synthetic experiments, the row norms of A are of simi-
lar magnitude on average and thus choosing i rows of the measurement matrix uniformly at
random will behave similarly to the theoretically imposed probability distribution introduced
in (3.1). In the next experiment, we consider a setting where the entries of the measurement
matrix are a;; ~ N(0,i/y/n) so that for each row, E||a;||>=i. Since (3.1) is computationally
impractical to implement, we will continue to select rows of A uniformly at random without
replacement to evaluate the performance of SKM for various choices of 3. The results of this
experiment are presented in Figure 5.6. As in the previous synthetically generated experi-
ments, m = 50000, n = 500, and the underlying signal x is a standard Gaussian random
vector. Despite not sampling rows as imposed by (3.1), we see that SKM still converges with
rates similar to those in Figure 5.1 and 8 = 100 outperforms the others with respect to CPU
time.

Next we move on to evaluate the performance of SKM on incidence matrices of graphs. We
start with the the AC systems discussed in Section 4.2. Here, the graph G is a complete graph
K100 with corresponding incidence matrix Q € {—1,0,1}4959%190 " The unknown underlying
vector x € R0 is x = [i1199 where 119 is a 100-dimensional vector of ones and /i is the
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Figure 5.6: Comparison of SKM for various choices of fixed § values on linear system with
entries a;; drawn from N(0,7/y/n). (left) Iteration vs Approximation Error with dashed lines
representing average empirical performance of SKM and solid lines representing theoretical
upper bounds for SKM. (middle) FLOPS vs Approximation Error. (right) CPU time vs
Approximation Error

empirical average of 100 random draws from a standard normal distribution. The results of
this experiment are provided in Figure 5.7.

Figure 5.8 demonstrates the performance of SKM on a graph G which reflects a scale-free
network, i.e., a graph whose degree distribution follows the power law. To create the graph, we
employ the implementation of the Barabdsi-Albert (BA) model [3] with an initial graph of five
vertices and ending with a graph of 300 vertices [24]. For more details on scale-free networks,
see [3]. In Figure 5.8 we again observe exponential convergence in the mean approximation
error and optimal performance with respect to CPU time when § = 10.

In Figures 5.9a and 5.9b we present the performance of SKM for GGE problems (See Sec-
tion 4.2). In such problems, instead of randomly selecting a subset of 3 rows of the incidence
matrix of a graph uniformly, we randomly select a node (column), collect all rows correspond-
ing to neighbors of said node (rows corresponding to nonzero entries in that column), and
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then of those rows, select the row that returns the max absolute residual value to project
on. Note that here, the size of the subset varies at each iteration, depending on the size of
the neighborhood of the randomly selected node. Since this is significantly different from the
standard SKM selection scheme, we refer to this method as GGE-SKM. Figure 5.9a presents
the computational results for an incidence matrix of a complete graph (system set up as in
Figure 5.7) while Figure 5.9b does the same for an incidence matrix of a BA model graph
(system set up as in Figure 5.8).

Our last experiment demonstrates the performance of SKM with varying choices of 3
on real world data from the SuiteSparse Matrix Market [18]. For these experiments, we
employ the ‘Maragal 4’, ‘well1850’, and ‘ash958’ matrices which are of dimension 1964 x 1034,
1850 x 712, and 958 x 292 respectively. It is useful to note that ‘Maragal 4’ and ‘well1850’
have low rank data structures. These matrices are used as the measurement matrix A and
the underlying signal is arbitrarily chosen to be in the range of A”. Here, we allow SKM to
run for a maximum of 10° iterations or terminate once the approximation error has reached
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Figure 5.9: Performance of GGE-SKM on GGE problem with two different graphs.

SKM g =1 SKM =10
Error FLOPS CPU time | Error FLOPS CPU time
Maragal 4 | 2.45 2.07e+09 | 176.25 0.164 1.13e+10 | 460.88
well1850 7.67 1.42e+09 | 112.75 0.064 7.83e+09 | 238.59
ash958 1.06e-06 | 4.91e+06 | 0.323 1.00e-06 | 5.33e+06 | 0.126

Table 5.1: Performance of SKM using f = 1 and 8 = 10 on real world data from SuiteSparse
Matrix Market.

the allotted error tolerance of 107%. The results of using 3 € {1,10,50} are presented in
Table 5.1 and Table 5.2. We also included the performance of Conjugate Gradient Least
Squares (GCLS) [10, 61] for comparison. Note that we do not claim to have optimized either
implementation.

Table 5.1 and Table 5.2 demonstrates that for a fixed number of iterations, increasing
results in a lower approximation error. It also highlights the trade off between the subset size,
the FLOP cost, and the CPU time. As we increase [3, in general, both the FLOP and CPU
time increase as well. One interesting observation is that for the ‘ash958’ experiment, the
optimal choice of subset size is 8 = 10 with respect to CPU time. This is further motivation
for future work in optimal § selection. Finally, as expected, CGLS outperforms the three
choices of 8. However, SKM can be more naturally implemented in distributed computing
settings. We leave that direction as an avenue for future work as well.

6. Conclusion. This work unifies the spectrum between the randomized Kaczmarz and a
greedy variant of the Kaczmarz (Motzkin’s Method) algorithm by improving the convergence
bound of SKM, a hybrid randomized-greedy algorithm. We show that the behavior of SKM
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SKM 3 =50 CGLS
Error FLOPS CPU time | Error FLOPS CPU time
Maragal 4 | 5.01e-02 | 5.27e+10 | 1593.4 3.97e-02 | 2.97e4+07 | 5.41
well1850 2.49e-03 | 3.63e+10 | 1161 1.01e-06 | 4.06e+06 | 1.07
ash958 1.01e-06 | 1.44e+07 | 0.426 1.88e-06 | 41158 6.66e-3

Table 5.2: Performance of SKM using 8 = 50 and CGLS on real world data from SuiteSparse
Matrix Market.

depends on the sample parameter 3; and the dynamic range of the linear system. This result
improves upon previous work showing only the linear convergence of SKM. In presenting an
improved convergence bound for SKM that highlights the impact of the sub-sample size [, we
have opened up new and exciting avenues for SKM-type algorithms. Future directions of this
work include finding optimal sample sizes for different types of linear systems and designing
adaptive sample size selection schemes.
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