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While the exact phase diagram of the Fermi-Hubbard model remains poorly understood despite decades of
progress, nearly 60 years ago Nagaoka proved that a single dopant in an otherwise half-filled Hubbard system
can bring about ferromagnetism through kinetic means. The phenomenon was recently observed with ultracold
atoms in triangular optical lattices. Here, we explore the kinetic ferromagnetism within the square lattice Hubbard
model and its strong-coupling counterpart, the t − J model, at finite temperatures in the thermodynamic limit
via numerical linked-cluster expansions. We find evidence of ferromagnetic Nagaoka polarons at dopings up
to ∼30% away from half filling for a variety of interaction strengths and at temperatures as low as 0.2 of the
hopping energy. We map out the boundaries of this phase through analyzing various correlation functions.
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I. INTRODUCTION

The Fermi-Hubbard model provides the archetypical de-
scription of strongly-correlated electrons on a lattice. While
a solution for the generic model is still elusive, enormous
progress in shedding light on various properties of the model
has been made through analytical work [1,2], and numeri-
cal [3] and experimental [4] simulations over the past four
decades. These include the now well-known limits, such as
the Mott insulating antiferromagnetic (AFM) phase at the
average density of one electron per site (half filling), and other
less well-understood questions, including whether it can host
unconventional superconductivity at incommensurate electron
density [2,5].

The Nagaoka phenomenon is another interesting limiting
behavior of the model, in which the presence of a single
dopant in an otherwise half-filled band leads to kinetic mag-
netism in the limit of extreme local repulsions [6]. This
phenomenon has been recently brought to light by a series of
intriguing experiments, first with quantum dots [7], then with
transition metal dichalcogenide moiré superlattices [8–10],
and most recently with ultracold fermionic atoms in optical
lattices [11,12]. Using quantum gas microcopy for triangular
lattices, ultracold atom experiments observed signatures of
this kinetic magnetism at finite temperatures and at a range of
interaction strengths and dopings away from half filling. They
included the so-called Nagaoka polarons [13,14], magnetic
bubbles that formed around dopants, and the vanishing of a
critical particle doping at which the nearest-neighbor ferro-
magnetic (FM) correlations extended throughout the lattice
with increasing the interaction strength. Interestingly, these
correlations persisted upon further doping the system all the
way to the band insulating region on this nonbipartite geom-
etry, unlike what has been found for the model on the square
lattice.

Indeed, it has been shown theoretically that nonbipartite
lattices host Nagaoka FM more readily than bipartite ones
[15], which is expected since magnetic frustration already
largely weakens the AFM exchange correlations in the former.

However, kinetic magnetism can even emerge in the form of
AFM, as shown by Haerter and Shastry [16], or be tuned via
spin-orbit coupling [17], on the triangular geometry.

For the square lattice, several studies have confirmed that
in the ground state, the Nagaoka phase becomes unstable at
large dopings. Theoretical work initially suggested that the
Nagaoka limit could not be robust to finite doping regardless
of dimensionality [18,19], and this was backed by calculations
using high temperature series expansions [20]. This turned
out not to be the case however, as a series of analytical and
numerical works found a Nagaoka state at finite doping and
interaction strength [21–23].

Further studies in the 2000s using variational quantum
Monte Carlo methods found a robust FM phase within the
Hubbard model at doping up to 40%, strongly suggesting
that it is reasonable to expect kinetic ferromagnetism in real
materials with strongly-correlated electrons rather than only
in Nagaoka’s original limit [24]. This followed earlier varia-
tional results suggesting an upper doping limit of 25% for the
region [25]. A recent full configuration interaction quantum
Monte Carlo study sheds light on the microscopics of the
phenomenon and the critical interaction beyond which the
ferromagnetism occurs with few holes [26].

Early density matrix renormalization group (DMRG) cal-
culations suggested the appearance of the Nagaoka polaron
in the ground state of the square lattice model for U/t �
133 − 200 [14], where U and t are the strength of the in-
teraction and hopping amplitude, respectively. Much more
recent DMRG calculations strengthen the picture of robust
Nagaoka ferromagnetism, showing its theoretical emergence
is not intrinsic to any particular lattice geometry or features
thereof such as geometric frustration [27,28], or even particle
statistics [29]. Similar DMRG calculations have mapped out
the ground state phase diagram for the Hubbard model on the
triangular lattice, finding Nagaoka polarons for U/t � 40 and
a transition to a fully FM phase at sufficient electron doping
[30], consistent with findings at 50% doping [31].

Here, we revisit the square lattice Fermi-Hubbard model
for the case of extreme Coulomb repulsions, and the closely
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related t − J model, and employ the numerical linked-cluster
expansion (NLCE) [32,33] method to study the doping and
interaction dependence of the Nagaoka physics at finite tem-
peratures in the thermodynamic limit. By analyzing the trends
in the two- and three-point correlation functions, we find
clear evidence that short-range FM correlations are robust
and survive in the thermodynamic limit up to an interaction-
dependent critical doping, which extends to ∼33% in the
U → ∞ (J → 0) limit. We also map out the temperature
dependence of this critical doping, and another one marking
the entrance to the FM region upon initial doping away from
half filling, in the space of interaction strength and doping
level. Results from the latter can serve as a guide for future
optical lattice experiments of the Nagaoka phenomenon on
the square geometry.

II. MODELS

A. The Fermi-Hubbard model

The Hubbard Hamiltonian [34] is expressed as

H = −t
∑
〈i j〉σ

(ĉ†
iσ ĉ jσ + H.c.) + U

∑
i

n̂i↑n̂i↓, (1)

where ĉ†
i,σ and ĉi,σ create and destroy a fermion with spin σ at

site i, respectively, n̂iσ = ĉ†
i,σ ĉi,σ is the number operator, t is

the nearest-neighbor hopping amplitude, U is the strength of
the local Coulomb repulsion and 〈i j〉 indicates that sites i and
j are nearest neighbors. In this paper, we set t = 1 as the unit
of energy, and work in units where kB = 1 and h̄ = 1.

B. The t − J model

In this strong-coupling limit, the Hubbard model reduces
to the t − J model, whose Hamiltonian is expressed as

H = −t
∑
〈i j〉σ

P̂G(ĉ†
iσ ĉ jσ + H.c.)P̂G + J

∑
〈i j〉

(
Ŝi · Ŝ j − n̂in̂ j

4

)
,

(2)
where P̂G is the Gutzwiller projection operator, projecting out
all states with double occupancies, J = 4t2

U , and Ŝi is the elec-
tron spin vector at site i. Note that kinetic ferromagnetism can
still arise due to the motion of holes in this model, much like
in the Hubbard model. The reduced size of the local Hilbert
space in the t − J model allows for a slightly greater number
of sites to be simulated in numerical studies within identical
hardware limitations in comparison to the Hubbard model. As
we will see below, for our NLCE method, this translates to a
higher order in the series expansion.

III. METHOD

A. The numerical linked-cluster expansion

Cluster expansions allow one to express properties of large
lattice models in terms of those computed on smaller finite
clusters [33,35]. More precisely, any extensive property P on
a lattice L with N sites can be expressed in terms of that
property calculated on all clusters c that can be embedded

in L:

P(L) =
∑
c∈L

L(c) × WP(c). (3)

Here, L(c) is the number of possible embeddings of the cluster
c in lattice L and WP(c) is the weight of the property in
the expansion. WP(c) is defined using the inclusion-exclusion
principle as

WP(c) = P(c) −
∑
s⊂c

WP(s), (4)

where P(c) is the value of the property P calculated on the
cluster c and the sum is over subclusters s of c.

Because the weight of each cluster in the sum has contribu-
tions from its own subclusters subtracted off, it can be easily
shown that any cluster that has two or more disconnected re-
gions has a zero weight. This means the sum can be done only
over linked, or connected, clusters. A large fraction of these
connected clusters are rotated or reflected versions of each
other. In addition, some symmetrically-distinct clusters nev-
ertheless have identical Hamiltonians due to their topology.
All of these clusters are represented by a single c in Eqs. (3)
and (4) with L(c) accounting for their multiplicity. Moreover,
if the lattice model possesses translational symmetry, such as
in the thermodynamic limit, the calculation of L(c) simplifies
greatly and we often normalize P(L) by N and take L(c) to be
the multiplicity per lattice site.

We find and enumerate topologically distinct clusters of
the series for the square lattice in the thermodynamic limit.
This usually entails working with adjacency matrices, and
either numerous comparisons between those matrices or using
a reliable hashing scheme for them, both of which can be time
consuming. For this work, we have used NAUTY [36,37], an
efficient algorithm for checking graph isomorphism.

We use exact diagonalization to obtain P(c) for clusters
with up to 9 sites for the Hubbard model and 11 sites for
the t − J model. We bundle contributions of all clusters with
l sites and consider that as the contribution to order l of
the series (this is often referred to as the ‘site expansion’).
While only topologically distinct clusters require distinct di-
agonalizations, drastically reducing the total computations,
our two-point and three-point correlation functions require
knowledge of the relative positions of cluster sites in all clus-
ters to be taken into account. As a result, some additional
overhead for keeping track of both topological and structural
information of graphs is necessary [33,37].

We employ Wynn’s ε algorithm to accelerate the conver-
gence of our results for the properties we measure [33,38].
Because the computational needs for NLCE grow exception-
ally rapidly with the order of the series (a combination of the
exponential growth of the Hilbert space size, and a similar
growth of the number of clusters), the ability to push the con-
verging region to lower temperatures is extremely useful [33].
Unless specified otherwise, we show results for which the
Wynn algorithm with three and four cycles of improvement
for the Fermi-Hubbard model (or four and five cycles for the
t − J model) differ by no more than 0.003.

While the original series within the region of convergence
yields exact results in the thermodynamic limit, resummations
can introduce systematic errors beyond that region. However,
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numerous applications of the method to the Fermi-Hubbard
model alongside other exact methods, such as the determinant
quantum Monte Carlo, over the past decade have established
their accuracy and reliability (see for a sample, Refs. [39–42]).
They have also verified its superior performance in accessing
lower temperatures in the large interaction region at or near
half filling. Hence, we believe that it is an ideal method for
the study of the Nagaoka phenomenon.

B. Properties of interest

For both models, we compute the following properties
in the grand canonical ensemble, taking T = 1/β and μ as
the temperature and the chemical potential, respectively. We
compute the properties on a dense grid of temperature and
chemical potential (with �μ/t as low as 0.021 near half
filling) for a given set of model parameters and perform a
linear interpolation before numerically identifying them along
constant-density cuts in the μ − T space. The interpolation
has no discernible effect on the correlations presented in the
paper, however, it helps us with more precisely locating the
densities of interest.

Note that within our NLCE for the thermodynamic limit,
we have translational symmetry, and therefore i in the follow-
ing expressions represents any site.

(1) The electron density:

n = 〈n̂i〉 = 〈n̂i↑ + n̂i↓〉. (5)

(2) The fraction of doubly occupied sites:

d = 〈d̂i〉 = 〈n̂i↑n̂i↓〉 , (6)

which is exactly zero for the t − J model.
(3) The fraction of singly occupied sites:

p = n − 2d. (7)

(4) The fraction of empty sites (holes):

h = 〈ĥi〉 = 1 − 〈n̂i〉 + 〈d̂i〉 . (8)

(5) The two-point spin correlations at distance r:

Css(r) = 4

Nss
〈Ŝz

0Ŝz
r〉 , (9)

where Ŝz
i = 1

2 (n̂i↑ − n̂i↓) is the z component of the spin oper-
ator at site i, and the normalization constant Nss = p2.

(6) The three-point nearest-neighbor hole-spin-spin corre-
lation function:

Chss(r) = 4

Nhss

〈
ĥ0Ŝz

RŜz
R′

〉
, (10)

where Nhss = h × p2, and the spin-spin correlation is between
two nearest-neighbor sites at R and R′, connected by a bond
centered at a distance r from the hole. The doublon-spin-spin
correlator, Cdss(r), can be defined similarly for the Hubbard
model, by replacing the hole operator with the doublon op-
erator d̂0. However, because of the particle-hole symmetry of
the model on the square lattice, Cdss(r) in the particle-doped
region would be identical to Chss(r) in the hole-doped region.

0.2 0.4 0.6 0.9 0.2 0.40.60.92 3 456 2 3 456

FIG. 1. The normalized nearest-neighbor spin correlations of the
square lattice (a)–(c) Fermi-Hubbard model at different U/t values
and (d) the t − J model with J = 0 are plotted vs the temperature at a
few select fixed dopings. The normalization factor is the square of the
fraction of singly occupied sites. Correlations are calculated using
the NLCE with 9 and 11 orders in the site expansion for the Hubbard
and t − J models, respectively. Solid and dashed lines show results
after the Wynn resummation (see text) with the two largest cycles
of improvement. We show data only when the difference between
the two is less than 0.003. A small number of outliers at various
temperatures are removed.

IV. RESULTS

In Figs. 1(a)–(c), we show the normalized nearest-neighbor
spin correlations Css as a function of temperature for three
different values of U/t and at several fixed fillings. The cor-
relations are strongly AFM at half filling (doping δ = 0.00),
but become increasingly FM at intermediate dopings and low
enough temperatures. This happens at unambiguously resolv-
able temperatures for U � 120. The effect moves to higher
temperatures for larger U/t . For example, when δ = 0.08, the
crossing to FM takes place at T/t ∼ 0.3 for U/t = 120, as can
be seen in Fig. 1(c), while the crossing at the same density
is expected at T/t < 0.3 for U/t = 80 as seen in Fig. 1(b).
At larger dopings, the trend is reversed and the correlations
remain AFM at low temperatures. This reversal can be seen
in curves corresponding to 25% doping in Figs. 1(a)–(c).
Figure 1(d) shows the same quantity for the t − J model with
J = 0 (U → ∞ in the Hubbard model). In this extreme limit,
the correlations are FM for any infinitesimal doping, consis-
tent with the Nagaoka limit of a single hole in the ground state
of the infinite system, and turn AFM at δ > 0.3.

In Fig. 2, we show Css as a function of density for six large
U/t values and at two different temperatures. We observe a
peak around 18% doping for all interaction strengths, which
crosses over to positive values (indicating alignment of spins
on nearest-neighbor sites) with increasing U/t or decreasing
the temperature. For the largest U/t of 240 and at T/t = 0.40,
the doping range exhibiting FM nearest-neighbor correlations
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FIG. 2. The normalized nearest-neighbor spin correlations Css vs
doping for several interaction strengths and at two temperatures:
(a) T/t = 0.50 and (b) T/t = 0.40. Solid lines and symbols are
results for the Hubbard model and dotted lines are those for the
t − J model. Dotted lines with no labels are for J = 4t2/U which
correspond to U/t = 100 − 240 and have the same line colors as
their corresponding Hubbard results. Data are cut when Css for Wynn
resummations with the two largest cycles of improvement differ by
more than 0.003. For our Hubbard calculations we compute up to
four cycles of Wynn resummation, while for t − J we use five cycles.

spans 5% � δ � 29%. As discussed later in detail, we see that
the lower doping of this range decreases with decreasing the
temperature.

At these extreme interaction strengths, the relevant low-
energy model is indeed the t − J model since double
occupation is largely suppressed. So, in Fig. 2, we also show
results for Css from our t − J calculations at J = 0 (corre-
sponding to U → ∞), and those equal to 4t2/U for U/t ∈
[100 − 240], as dotted lines. We observe a very good agree-
ment between the two models in the small doping region
before the peak at both temperatures. At larger dopings be-
yond the peak, where Mott physics is no longer dominant,
the t − J model results qualitatively capture the trends of the
Hubbard model results, but indicate a less AFM or more FM
system. The J = 0 results also make clear that the onset of FM
nearest-neighbor correlations in the infinite-U Hubbard model
is zero doping, which is consistent with the Nagaoka limit.

The main panels of Fig. 3 show the same quantity at
different temperatures for two fixed U/t values. For both in-
teraction strengths shown, the correlations become less AFM
or more FM in a window of density around 18% doping as the

FIG. 3. The normalized nearest-neighbor spin correlations Css

vs doping at three different temperatures for (a) U/t = 80 and
(b) U/t = 120. Line styles and symbols are the same as in Fig. 2.
The critical dopings, δc1 and δc2, marking the region of FM nearest-
neighbor correlations at each temperature are denoted by vertical
arrows. Two almost temperature-independent crossings of curves at
either side of the FM region initially suggest possible bounds for
δc1 and δc2 for each interaction strength (see text). Inset: Experi-
mental data for Css from Ref. [11] (large magenta and red triangles)
are shown for U/t = 21.9 and 9.19 at T/t ∼ 0.55 and T/t ∼ 0.28,
along with NLCE results for the same U/t values at additional
temperatures.

temperature decreases. Conversely, Css becomes more AFM
with decreasing temperature near half filling or at larger
dopings (e.g., δ > 0.3). We introduce δc1 and δc2 as two crit-
ical doping values marking the entry and exit, respectively,
to/from the region with FM nearest-neighbor spin correla-
tions as the doping is increased from zero. For example, for
U/t = 120, they can be inferred from Fig. 3(b) to be δc1 ∼ 6%
and δc2 ∼ 27%. We find two almost temperature-independent
Css values on either side of peaks in Fig. 3, hinting at the
possible existence of zero-temperature bounds for δc1 and δc2.
However, the strong upturns we observed for this quantity at
T < 0.40 near half filling in Fig. 1, clearly indicate that δc1

may actually approach zero at lower temperatures.
In the inset of Fig. 3, we have included experimental re-

sults for Css from Ref. [11], taken at two relatively small
interactions, U/t = 21.9 and 9.19 at T/t ∼ 0.55 and 0.28 as
large magenta and red triangles, respectively. They confirm
the nonmonotonic behavior of spin correlations with doping.
Although we cannot reach T/t = 0.3 with the NLCE for these
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FIG. 4. The critical dopings δc1 and δc2, marking the region with
FM nearest-neighbor correlations, are plotted as a function of the
inverse interaction strength t/U at several different temperatures.
Some temperature and U values are missing due to there being no
resolvable crossing into FM region for those parameters. Error bars
due to the interpolation in density to find the crossings are smaller
than symbol sizes and are not shown. The gray crosses mark the
temperature-independent crossings of the nearest-neighbor spin cor-
relations vs density, such as those seen in Fig. 3. The dashed gray line
represents the linear regression of those crosses and acts as a guide
for the eye. Empty circles with dotted lines indicate calculations
using the t − J model with the appropriate J value after five cycles
of Wynn resummation.

interactions, trends at higher temperatures are consistent with
the experimental data and clearly show a stronger temperature
dependence in the case of U/t = 9.19.

In Fig. 4, we study δc1 and δc2 more carefully as a function
of temperature and U/t . They are shown as solid color lines
and filled circles in that figure. For U/t = 120, for example,
we find that as the temperature decreases, δc2 approaches the
temperature-independent bound suggested by Fig. 3, shown
as a gray cross in Fig. 4, indicating this bound may in fact
be the ground state limit. We see the same trend for other
larger values of U/t . For U/t = 100 and at T/t = 0.4, the
correlations are just turning FM near 18% doping and are
AFM at higher temperatures represented in the figure. Missing
points at other smaller U/t indicate the lack of crossing to the
FM region at the temperatures shown. Data from the t − J
model for effective U/t = ∞ and five other values down to
U/t = 100 are also plotted in Fig. 4 as dotted lines and empty
circles. As expected from Fig. 3, they underestimate δc1 and
overestimate δc2 of the corresponding Hubbard models. The
J = 0 results support the idea that δc1 = 0 independent of T
and suggest δc2 ∼ 1/3 for the ground state of the infinite-U
Hubbard model. This is in stark contrast to the behavior of
fermions on the triangular lattice, where finite-temperature
Lanczos calculations and experimental trends point to FM
(AFM) nearest-neighbor correlations for the entire particle
(hole)-doped region in the limit U → ∞ [11].

FIG. 5. The normalized hole-spin-spin correlation function Chss

at the shortest distance of the spin-spin bond from the hole is plotted
vs temperature at several fixed densities near half filling for U/t =
100. The inset illustrates the distance. The normalization factor is the
square of the singly occupied site fraction multiplied by the fraction
of empty sites. Line colors are the same as in Fig. 1.

Our results for the trends in the nearest-neighbor correla-
tions are consistent with earlier findings for the critical values
of long-range FM in the Hubbard model. For example, early
variational results suggested a critical doping of 0.251 for
U = ∞ and a critical U/t of 77.7, below which no FM is
observed in the ground state [25]. Other variational studies
had suggested an upper bound of 29% for doping at all U and
a critical U/t ∼ 42 [23]. It is useful to note that extrapolating
the gray crosses in Fig. 4 to δc2 = 0 leads to a lower bound of
U/t ∼ 20 for the appearance of nearest-neighbor FM correla-
tions in the ground state in our study.

The three-point hole-spin-spin correlations further shed
light on the proximity of the FM nearest-neighbor bonds to
the dopants in the system [30]. Using these correlations, it was
demonstrated that at nonzero temperatures and finite interac-
tion strengths, the system possesses the so-called Nagaoka
polarons, characterized by FM correlations around dopants,
and that they grow in size with decreasing temperature or in-
creasing U/t , eventually leading to the Nagaoka phase on the
triangular lattice [11,12]. Here, we show Chss(r) for the small-
est r =

√
5

2 on our square lattice as a function of temperature
for U/t = 100 and at select densities near half filling in Fig. 5.
We find that at the temperatures accessible to us, these FM
correlations continue to rise when lowering the temperature
for δ < 16%. At larger dopings, they are either AFM or show
a strong tendency to become AFM as the system is cooled.
We also find that there is a sharp increase in Chss upon doping,
before it decreases monotonically with increasing the doping
at a fixed temperature.

The latter is shown more clearly in Fig. 6, where we plot
Chss as a function of doping for two U/t values at a few
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FIG. 6. The normalized hole-spin-spin correlation function of
Fig. 5 vs doping at four different temperatures for (a) U/t = 80 and
(b) U/t = 120. Line styles and symbols are the same as in Fig. 3.
Here, we do not show data for which the difference between the two
resummations is smaller than 0.003. The nonzero values at δ = 0 are
attributable to virtual doublon-hole fluctuations in the model at half
filling [42].

low temperatures. This plot also suggests that hole-spin-spin
correlations are relatively insensitive to the value of U/t , as
expected for a kinetically-driven phenomenon involving the
holes. As suggested by results in Fig. 5, decreasing the tem-
perature is expected to strengthen the correlations on either
side of the zero crossings in Fig. 6 and also eventually move
the crossing to slightly smaller dopings.

We now turn to the spatial dependence of correlations, and
in Fig. 7, plot the normalized spin-spin correlations vs dis-
tance between the two spins for U/t = 120 at, and away from,
half filling. They exhibit clear AFM behavior at half filling in
Fig. 7(a), albeit with a largely suppressed strength due to the
large U/t in comparison to those obtained at intermediate U/t
values [43]. At 18% doping in Fig. 7(b), the nearest-neighbor
correlations have transformed from relatively large and AFM
at half filling to weakly FM by decreasing the temperature,
with the AFM correlations getting pushed further to the larger
distance of r = 2. The latter phenomenon is also observed
in the doped system with an order of magnitude smaller
interaction strength, and is attributable to spin order parity
flips across dopants [44]. These findings suggest that at the

FIG. 7. The normalized nearest-neighbor spin correlations for
U/t = 120 vs distance between spins (a) at half filling and (b) at
18% doping at several temperatures. Solid (dashed) lines represent
the Wynn resummations with four (three) cycles of improvement.

temperatures and interaction strengths we can access, the FM
correlations remain short ranged.

The emergence of short-range FM correlations in the
lightly doped system upon increasing U/t at low tempera-
tures is evident in the correlation maps of Fig. 8. For all
interaction strengths shown, correlations are AFM very near
half filling at δ = 0.03. For the relatively small U/t = 60,
the short-range correlations are suppressed but remain AFM
upon further doping to 18% at T/t = 0.4. For larger U/t , the
system develops short-range FM correlations (see, e.g., the
middle panel for U/t = 140 at δ = 0.18). At larger dopings,
we observe that AFM correlations for all U/t shown reappear
and extend to the diagonal neighbors. This is an indication that
the dominant physics may still be Pauli blocking [45] even
with these strong interactions.

In Fig. 9, we show Chss(r) as a function of r for U/t = 120
at 11% doping. As the temperature decreases, the FM nearest-
neighbor spin correlations closest to the holes strengthen, and
while those at the next farther distance remain AFM, others
at larger distances turn from weakly AFM to weakly FM
upon decreasing the temperature. The resulting FM bubbles
around the dopants (Nagaoka polarons), especially the FM
correlations closest to the dopants, are clearly observed near
half filling in our correlation maps of Chss(r) in Fig. 10. We
find that for U/t = 140, these correlations are FM even at
the distance of r = 1.5 when δ = 0.03. At larger dopings
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FIG. 8. Spatial map of Css(r), with the reference site shown at the center in black, at different dopings (from left to right) and U/t values
(fr om top to bottom) at T/t = 0.4. The correlations are AFM at the smallest dopings for all U/t values shown. However, for U/t = 140, the
nearest-neighbor correlations turn FM upon increasing the doping to 18%, before turning AFM again at higher dopings along with the diagonal
neighbor correlations.

above 20%, the AFM bubble is again consistent with the Pauli
blocking physics of dopants.

FIG. 9. The normalized hole-spin-spin correlation function of
Fig. 6 is plotted vs the distance between the hole and nearest-
neighbor spins at several temperatures for U/t = 120. Solid (dashed)
lines represent the Wynn resummations with four (three) cycles of
improvement.

V. CONCLUSIONS

We study the emergence of kinetic ferromagnetism in
the square lattice Fermi-Hubbard (in the extreme interaction
limit) and t − J models away from half filling at finite tem-
peratures and in the thermodynamic limit using the NLCE.
We find evidence of FM nearest-neighbor spin correlations
on the square lattice for dopings up to ∼33% and at tem-
peratures as low as T/t ∼ 0.3. Based on trends seen at finite
temperatures, we draw bounds for the doping region with
such correlations and study the temperature and interaction
dependence of the crossover to the short-range FM phase.
We also observe Nagaoka polarons—characterized by FM
bubbles around dopants—at finite temperatures, which persist
for dopings up to ∼20%.

Our findings are consistent with the Nagaoka phenomenon
predicted for the ground state at the limit of infinite inter-
actions, and complement the finite-temperature and finite-U
results obtained for the Hubbard model on a triangular lattice
in recent theory/experiment collaborations [11,12]. Unlike
for the latter, for which the Nagaoka physics seems to ex-
tend to all dopings, our results point to the existence of
a critical doping and a critical interaction strength beyond
which even the nearest-neighbor FM correlations disappear,
consistent with previous approximate numerical calculations
in the ground state. Our finite-temperature results pave the
way for the observation and precise characterization of kinetic
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FIG. 10. Spatial map of Chss(r) at different dopings and U/t values at T/t = 0.4. Yellow bonds are placed where the agreement between
Wynn orders exceeds our error thresholds.

ferromagnetism in cold fermionic atom systems in square
optical lattices.
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